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Abstract 

We construct a cycle in higher Hochschild homology associated to the 
2-dimensional torus which represents 2-holonomy of a non-abelian gerbe 
in the same way the ordinary holonomy of a principal G-bundle gives 
rise to a cycle in ordinary Hochschild homology. This is done using the 
connection 1-form of Baez-Schreiber. 

A crucial ingredient in our work is the possibility to arrange that in 
the structure crossed module /i : f) — >■ g of the principal 2-bundle, the Lie 
algebra f) is abelian, up to equivalence of crossed modules. 
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Introduction 

Principal 2-bundles have been studied in |BaSc04) , |Bar04) , |GiSt08j . |MaPi07| . 
|ScWa08aj . |ScWa08b) . |Wo09| and jCLSlOj (This list is by no means exhaus- 
tive). We will sketch the different approaches and explain our point of view, 
namely, we choose a framework at the intersection of gerbe theory and theory 
of principal 2-bundles. The structure 2-group of a principal 2-bundle is in our 
framework a strict 2-group (we refrain from considering more general structure 
groups like coherent 2-groups), and its Lie algebra a strict Lie 2-algebra, open- 
ing the way to using all information about strict Lie 2-algebras which we discuss 
in the first section. 

The first (non-gerbal) approach to principal 2-bundles is due to Bartels 
|Bar04| . He defines 2-bundles by systematically categorifying spaces, groups 
and bundles. Bartels writes down the necessary coherence relations for a lo- 
cally trivial principal 2-bundle with structure group a coherent 2-group. This 
work has then been taken up by Baez and Schreiber |BaSc04] in order to define 
connections for principal 2-bundles. In parallel work, Schreiber and Waldorf 
fScWaOSa^ . ^ScWaOSb, and Wockel |Wo09j also take up Bartels work in order 
to define holonomy (Schreiber- Waldorf) or to pass to gauge groups (Wockel). 
Baez and Schreiber describe an approach using locally trivial 2-fibrations whose 
typical fiber is a strict 2-group. 

Non-abelian gerbes and principal 2-bundles are two notions which are close, 
but have subtle differences. The cocycle data of the two notions has been 
compared in |BaSc04j . section 2.1.4 and 2.2. Baez and Schreiber show that 
under certain conditions, the description in terms of local data of a principal 2- 
bundle with 2-connection is equivalent to the cocycle description of a (possibly 
twisted) non-abelian gerbe with vanishing fake curvature. This constraint is 
also shown to be sufficient for the existence of 2-holonomies, i.e. the parallel 
transport over surfaces. 

The approach of Schreiber and Waldorf |ScWa08a] . |ScWa08b) is based on 
so-called transport functors. Schreiber and Waldorf push the equivalence be- 
tween categories of principal G-bundles with connection over M and transport 
functors from the thin fundamental groupoid of M to the classifying stack of 
G to categorical dimension 2. These transport functors can then be described 
in terms of differential forms, i.e. for a trivial principal G-bundle, these trans- 
port functors correspond to Q^{M,q), where g is the Lie algebra of G. They 
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show similarly that 2-transport functors from the thin fundamental 2-groupoid 
correspond to pairs of differential forms A G f2^(M, g) and B 6 r2^(Af, f)) with 
vanishing fake curvature Fa + P^{B) — 0, where /i : f) — )• g is the crossed module 
of Lie algebras corresponding to the strict Lie 2-group which comes into the 
problem. It is clear that this approach is based on the notion of holonomy. 

Wockel |Wo09| also takes up Bartel's work. In order to make them more 
easily accessible, he formulates a principal 2-bundle over M in terms of spaces 
with a group action. A (semi-strict) principal 2-bundle over M is then a locally 
trivial ^-2-space. The 2-group Q is strict, and so is the action functor, but the 
local triviality requirement is not necessarily strict. Wockel shows that semi- 
strict principal 2-bundles over M are classified by non-abelian Cech cohomology. 

The approach of Ginot and Stienon |GiSt08) is based on looking at a principal 
G-bundle as a generalized morphism (in the sense of Hilsum and Skandalis) 
from M to G, both being considered as groupoids. In the same way they 
view principal 2-bundles as generalized morphisms from the manifold M (or in 
general some stack, represented by a Lie groupoid) to the 2-group Q, both being 
viewed as 2-groupoids. In this context, they exhibit a link to gerbes (in their 
incarnation as extensions of groupoids) and define characteristic classes. 

The particularity of Martins and Picken's approach |MaPi07j is that they 
consider special f/-2-bundles. For a strict 2-group Q whose associated crossed 
module \s ji : H ^ G, these bundles are obtained from a principal G-bundle P 
on M . The speciality requirement is that the principal ^-2-bundle is given by a 
non-abelian cocycle {gij, hijk) as below, but with ^(hijk) = 1 in order to have 
a principal G-bundle P. Using the language which we will introduce below, 
Martins and Picken suppose that the band of the gerbe (which is in general 
a principal G//i (i?)-bundle) lifts to a principal G-bundle. Martins and Picken 
define connections for these special ^-2-bundles and 2-holonomy 2-functors. 

Chatterjee, Lahiri and Sengupta [CLSlOj use in the first place a reference 
connection 1-form A in order to take for a fixed G-principal bundle P M only 
j4-horizontal paths in the path space P^P they consider. V^P is a G-principal 
bundle over the usual path space VM. Then given a pair {A,B) as above, 
they construct a connection 1-form uj(a,b) on V^P using Chen integrals. Major 
issues are reparametrization invariance and the curvature. The authors switch 
to a categorical description motivated by their differential geometric study in 
the end of the article. 

Let us summarize the different approaches in the following table: 
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author(s) 


concept 


Bart els 


principal 2-bundles with 
coherent structure group 


Baez-Schreiber 


global connection 1-form 
for principal 2-bundles 


Schreiber- Waldorf 


holonomy in terms of 
transport functors 


Wockel 


relation to non-abelian 
Cech cohoniology 


Ginot-Stienon 


2-bundles as Hilsum-Skandalis' 
generalized morphisms 


Martin-Picken 


connections and holonomy for 
special principal 2-bundles 


Chatterjee-Lahiri-Sengupta 


connections and holonomy 
using ^-horizontal paths 
for a reference 1-form A 



The goal of our article is to construct a cycle in higher Hochschild homology 
which represents 2-holonomy of a non-abelian gerbe as described above in the 
same way the ordinary holonomy gives rise to a cycle in ordinary Hochschild 
homology, see [AbZeOTj . This is done using the connection 1-form of Baez- 
Schreiber |BaSc04| which we construct here from the band of the non-abelian 
gerbe. 

A crucial ingredient in our work is the possibility to arrange that in an ar- 
bitrary crossed module of Lie algebras : f) — > g, the Lie algebra [) is abelian, 
up to equivalence of crossed modules. This is shown in Section 1 (see |Wa06] ) . 
The possibility to have f) abelian is used in order to obtain a commutative dif- 
ferential graded algebra 57* := il* {M,Ut)) whose higher Hochschild homology 
HHj{n* , n*) associated to the 2-dimensional torus T houses the holonomy cy- 
cle. We don't know of any definition of higher Hochschild homology for arbitrary 
differential graded algebras, therefore we believe the reduction to abelian f) to be 
crucial when working with possibly non-abelian gerbes. Section 1 also provides 
a fundamental result on strict Lie 2-algebras directly inspired from jBaCr04] . 
namely, we explicitely show that the classification of strict Lie 2-algebras in 
terms of skeletal models (of the associated semi-strict Lie 2-algebra) and in 
terms of the associated crossed module coincide. 

Section 2 reports on crossed modules of Lie groups. These play a minor 
role in our study, because the main ingredient for the connection data is the 
the infinitesimal crossed module, i.e. the Lie algebra crossed module. Section 3 
gives the definition of principal 2-bundles with which we work. It is taken from 
Wockel's article |Wo09| . together with restrictions from f BaSc04] . In Section 4, 
we discuss in general Loo-valued differential forms on the manifold M, based on 
the article of Getzler |Ge09| . We believe that this is the right generalization of 
the calculus of Lie algebra valued differential forms needed for ordinary principal 
G-bundles. We find a curious 3-form term (see equation ([2])) in the Maurer- 



4 



Cartan equation for differential forms with values in a semi-strict Lie 2-algebra 
which seems to be new. In Section 5, we construct the connection 1-form 
of Baez-Schreiber from the band of the non-abelian gerbe. It is not so clear 
in |BaSc04] on which differential geometric object the construction of is 
carried out, and we believe that expressing it as the usual iterated integral 
construction on the band (which is an ordinary principal G-bundle !) is of 
conceptual importance. 

Section 6 is the heart of our article and explains the mechanism to trans- 
form the flat connection into a Hochschild cycle for the differential graded 
algebra Ci?*(f2*, fi*). It lives therefore in the Hochschild homology of the al- 
gebra of Hochschild chains. Section 7 recalls from |GTZ09] that "Hochschild 
of Hochschild" -homology is the higher Hochschild homology associated to the 
torus T^. 

The main theorem of the present article is the construction of the homology 
cycle: 

Theorem 1 Consider a non-abelian principal 2-bundle with trivial band on 
a simply connected manifold M with a structure crossed module /i : 1] — s> g 
such that the Lie algebra (] is abelian. Then the connection 1-form Aq of 
Baez-Schreiber gives rise to a cycle P(Aq) in the higher Hochschild homology 
HHj{n* which corresponds to the holonomy of the gerbe. 

As stated before, we do not consider the condition that t) is abelian as a 
restriction of generality, because up to equivalence, it may be achieved for an 
arbitrary crossed module. 

By construction, the cycle P{Ao) is not always trivial, i.e. a boundary. 
The triviality condition on the band may be understood as expressing that the 
construction is local. The gluing of the locally defined connection 1-forms of 
Baez and Schrciber to a global connection 1-form (see jBaSc04| ) should permit 
to glue our Hochschild cycles P{Ao) to a global cycle. This will be taken up in 
futur work. 

Another subject of further research is to understand that the connection 1- 
form ^0 does not only lead to a higher Hochschild cycle w.r.t. the 2-dimensional 
torus, but actually to higher Hochschild cycles w.r.t. any compact topological 
surface. In fact, we believe that there is a way to recover HH, " for a connected 
compact surface Eg of genus g from HHj . 

Acknovirledgements: We thank Gregory Ginot for answering a question about 
higher Hochschild homology. We also thank Urs Schreiber and Dimitry Royten- 
berg for answering a question in the context of Section 1. 

1 Strict Lie 2-algebras and crossed modules 

We gather in this section preliminaries on strict Lie 2-algebras and crossed 
modules, and their relation to semistrict Lie 2-algebras. The main result is the 
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possibility to replace a crossed module : f) — >■ g by an equivalent one having 
abelian f). This will be important for defining holonomy as a cycle in higher 
Hochschild homology. 

Lie 2-algebras have been the object of different studies, see |BaCr04j for 
semi-strict Lie 2-algebras or |Ro07j for (general weak) Lie 2-algebras. 

1.1 Strict 2- vector spaces 

We fix a field K of characteristic 0; in geometrical situations, we will always 
take K = K. A 2-vector space V over K is simply a category object in Vect, 
the category of vector spaces (cf Def. 5 in |BaCr04] ). This means that V 
consists of a vector space of arrows V^i, a vector space of objects Vq, linear 

s 

maps V-i s Vq called source and target, a linear map i : Vq ^ V^i, called 
t 

object inclusion, and a linear map 

m : V-i xvo V^i V^i, 

which is called the categorical composition. These data is supposed to satisfy 
the usual axioms of a category. 

An equivalent point of view is to regard a 2-vector space as a 2-term complex 
of vector spaces d : C_i — !■ Cq. Pay attention to the change in degree with 
respect to |BaCr04j . We use here a cohomological convention, instead of their 
homological convention, in order to have the right degrees for the differential 
forms with values in crossed modules later on. 

The equivalence between 2-vector spaces and 2-term complexes is spelt out 
in Section 3 of paCr04| : one passes from a category object in Vect (given 

s 

by V-i l Vo , i : Vq ^ V-\ etc) to a 2-term complex d : C_i Co by 

taking C_i := ker(s), d := t|kcr(s) a-nd Cq = Vq- In the reverse direction, 
to a given 2-term complex d : C_i — > Cq, one associates V-i — Co ® C_i, 
Vq = Co, s(co,c_i) = Co, i(co,c_i) = Co -I- d(c_i), and i{co) = (co,0). The only 
subtle point is here that the categorical composition m is already determined by 

V-i ? Vq and i : Vq V-i (see Lemma 6 in |BaCr04) ). Namely, writing 

an arrow c_i =: / with s(f) = x, t{f) = y, i.e. f : x y, one denotes the 
arrow part of / by / / — i(s(/)), and for two composable arrows /, 5 G V-i, 
the composition m is then defined by 

fog:^ m{f,g) := i{x) + f + g. 

1.2 Strict Lie 2-algebras and crossed modules 

Definition 1 A strict Lie 2-algebra is a category object in the category Lie of 
Lie algebras over K. 

This means that it is the data of two Lie algebras, Qq, the Lie algebra of 
objects, and g-i, the Lie algebra of arrows, together with morphisms of Lie 
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algebras s,t : g_i Qq, source and target, a morphism i : ^ the object 
inclusion, and a morphism m : g_i Xg^ g_i — >■ the composition of arrows, 
such that the usual axioms of a category are satisfied. 

Let us now come to crossed modules of Lie algebras. We refer to (Wa06| for 
more details. 

Definition 2 A crossed module of Lie algebras is a morphism of Lie algebras 
/X : f) ^> together with an action of 2 on \) by derivations such that for all 
h,h' £\) and all g ^ Q 

(a) fi{g ■ h) = [g,fJ.{h)] and 

(b) ^i{h) ■ h' = [h,h']. 

One may associate to a crossed module of Lie algebras a 4-term exact se- 
quence of Lie algebras 

where we used the notation V := ker(/i) and g := coker(/x). It follows from the 
properties (a) and (b) of a crossed module that yLt(f)) is an ideal, so g is a Lie 
algebra, and that 1^ is a central ideal of f) and a g-module (because the outer 
action, to be defined below, is a genuine action on the center of f)). 

Recall the definition of the outer action s : g — out(t)) for a crossed module 
of Lie algebras /x : — > g. The Lie algebra 

out(f)) :=Oer(f))/ad(f)) 

is the Lie algebra of outer derivations of f), i.e. the quotient of the Lie algebra 
of all derivations ()er(()) by the ideal ad(()) of inner derivations, i.e. those of the 
form h' ^ [h, h'] for some h € t). 

To define s, choose a linear section p ■ Q ^ 9 and compute its default to be 
a homomorphism of Lie algebras 

a{x,y) := [p{x),p{y)] - p{[x,y]), 

for x, y £ g. As the projection onto g is a homomorphism of Lie algebras, 
a{x,y) is in its kernel, and there exists therefore an element /3{x,y) £ f) such 
that p{l3{x, y)) = a{x, y). 
We have for all /i G f) 

{p{x)op{y)~p{y)op{x)~p{[x,y]))-h^ a{x,y)-h^ p{/3{x,y))-h = [(3{x,y),h], 

and in this sense, elements of g act on (] up to inner derivations. We obtain a 
well defined homomorphism of Lie algebras 

s : Q ^ out([)) 

by s{x){h) — p{x) • h. 

Strict Lie 2-algebras are in one-to-one correspondance with crossed modules 
of Lie algebras, like in the case of groups, cf |Lo82j . For the convenience of the 
reader, let us include this here: 
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Theorem 2 Strict Lie 2-algebras are in one-to-one correspondence with crossed 
modules of Lie algebras. 

s 

Proof. Given a Lie 2-algebra g„i ? go , i : qq ^ the corresponding 

t 

crossed module is defined by 

M i|kcr(s) : f) ker(s) ^ fl := flo- 
The action of g on f) is given by 

g-h -.^ [i{g),h], 

for (/eg and /i G f) (where the bracket is taken in g-i). This is weU defined 
and an action by derivations. Axiom (a) fohows from 

fi{g ■ h) = ^l{[i{g),h\) = [n o i{g) , ij.{h)] = [g,iJ.{h)]. 

Axiom (b) follows from 

H{h) -h' =[io fl{h), h'] ^[io t{h), h'] 

by writing i o t{h) = h -\- r for r G ker(i) and by using that ker(f) and ker(s) in 
a Lie 2-algebra commute (shown in Lemma [1] after the proof). 

On the other hand, given a crossed module of Lie algebras : f) g, 
associate to it 

f) X g=zSg , i : g -> f) X g 

t 

by s{h,g) = g, t{h,g) = jjiih) + i{g) = (0,5), where the semi-direct product 
Lie algebra (} x g is built from the given action of g on (). Let us emphasize 
that [} X g is built from the Lie algebra g and the g-module f); the bracket of f) 
does not intervene here. The composition of arrows is already encoded in the 
underlying structure of 2-vector space, as remarked in the previous subsection. 
□ 

Lemma 1 [ker(s), ker(f)] = in a Lie 2-algebra. 

Proof. The fact that the composition of arrows is a homomorphism of Lie 
algebras gives the following "middle four exchange" (or functoriality) property 

[51 , 52] O [/i , /2] = [51 O /i , ^2 O /2] 

for composable arrows /i,/2,ffi,32 G 0i- Now suppose that gi e ker(s) and 
/2 € ker(i). Then denote by /i and by 52 the identity (w.r.t. the composition) 
in G go. As these are identities, we have gi = gi o fi and /2 = 52 o /2- On 
the other hand, i is a morphism of Lie algebras and sends G go to the G gi. 
Therefore we may conclude 

[51, /2] = [.910/1,520/2] = [,91-32] O [/i,/2] = 0. 
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□ 



Furthermore, it is well-known (cf jWaOG) ) that (equivalence classes of) crossed 
modules of Lie algebras are classified by third cohomology classes. 

Remark 1 

It is implicit in the previous proof that starting from a crossed module /i : f) — ;> g, 

s 

passing to the Lie 2-algebra g_i a go , i : go ~> g-i (and thus forgetting 

the bracket on tj !), one may finally reconstruct the bracket on t). This is due to 
the fact that it is encoded in the action and the morphism, using the property 
(b) of a crossed module. 

1.3 Semi-strict Lie 2-algebras and 2-term Loo-algebras 

An equivalent point of view is to regard a strict Lie 2-algebra as a Lie algebra 
object in the category Cat of (small) categories. From this second point of 
view, we have a functorial Lie bracket which is supposed to be antisymmetric 
and must fulfill the Jacobi identity. Weakening the antisymmetry axiom and 
the Jacobi identity up to coherent isomorphisms leads then to semi-strict Lie 
2-algebras (here antisymmetry holds strictly, but Jacobi is weakened), hemi- 
strict Lie 2-algebras (here Jacobi holds strictly, but antisymmetry is weakened) 
or even to (general) Lie 2-algebras (both axioms are weakened). Let us record 
the definition of a semi-strict Lie 2-algebra (see |BaCr04) Def. 22): 

Definition 3 A semi-strict Lie 2-algebra consists a 2-vector space L together 
with a skew-symmetric, bilinear and functorial bracket [, ] : L x L ^ L and a 
completely antisymmetric trilinear natural isomorphism 

Jx,y,z ■■ [[x,y],z] ^ [x,[y,z]] + [[x,z],y], 

called the Jacobiator. The Jacibiator is required to satisfy the Jacobiator identity 
(see \BaCrO4\l Def. 22). 

Semi-strict Lie 2-algebras together with morphisms of semi-strict Lie 2- 
algebras (see Def. 23 in |BaCr04j ) form a strict 2-category (see Prop. 25 in 
|BaCr04| ). Strict Lie algebras form a full sub-2-category of this 2-category, see 
Prop. 42 in |BaCr04j . In order to regard a strict Lie 2-algebra 0_i — go as a 
semi-strict Lie 2-algebra, the functorial bracket is constructed for f : x ^ y and 
g : a 1-^ b, f, g € g_i and x,y,a,b € go by defining its source s{[f,g]) and its 
arrow part [ /, g] to b e s{[f,g]) := [x,a] and [f,g] := [x,g\ + [f,b] (see proof of 
Thm. 36 in [BaCr04p . By construction, it is compatible with the composition, 
i.e. functorial. 

Remark 2 

One observes that the functorial bracket on a strict Lie 2-algebra g_i go is 
constructed from the bracket in go, and the bracket between g_i and go, but 
does not involve the bracket on g_i itself. 
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There is a 2-vector space underlying every semi-strict Lie 2-algebras, thus 
one may ask which structure is inherited from a semi-strict Lie 2-algebra by the 
corresponding 2-term complex of vector spaces. This leads us to 2-term Loo- 
algebras, see [BaCr04| Thm. 36. Our definition here differs from theirs as we 
stick to the cohomological setting and degree -t-1 differentials, see |Ge09] Def. 
4.1. 

Definition 4 An Loo-algebra is a graded vector space L together with a sequence 
lk{xi, . ■ . ,Xk), k > 0, of graded antisymmetric operations of degree 2 — k such 
that the following identity is satisfied: 

n 

X] i~^Yln{lkix,,,...,X,^),Xj,,...,Xj^_^) =0. 

k—1 

il<...<ik\ jl<---<jn-k 
{ii,...,ifc}U{ji,... j„_fc } = {!,... ,ri} 

Here, the sign (— 1)*^ equals the product of the sign of the shuffle permutation 
and the Koszul sign. 

We will be mainly concerned with 2-term Loo-algebras. These are Loo- 
algebras L such that the graded vector space L consists only of two components 
Lq and L_i. An Loo-algebra L = Lq © L_i has at most /i, I2 and ^3 as its non- 
trivial "brackets", li is a differential (i.e. here just a linear map Lq — > L_i), 
I2 is a bracket with components [, ] : Lq ® Lq ^ Lq and [, ] : L_i (g) Lq — > L_i, 
[, ] : Lq X L_i ^ L_i, and ^3 is some kind of 3-cocycle ^3 : Lq ® Lq ® Lq — ?• L_i. 
More precisely, in case li = 0, Lq is a Lie algebra, L_i is an Lg-module and I3 is 
then an actual 3-cocycle. This kind of 2-term Loo-algebra is called skeletal, see 
Section 6 in |BaCr04) and our next subsection. The complete axioms satisfied 
by li, I2 and I3 in a 2-term Loo-algebra are listed in Lemma 33 of |BaCr04] . 

As said before, the passage from a 2-vector space to its associated 2-term 
complex induces a passage from semi-strict Lie 2-algebras to 2-term Loo-algebras, 
which turns out to be an equivalence of 2 categories (see |BaCr04j Thm. 36): 

Tlieorem 3 The 2-categories of semi-strict Lie 2-algebras and of 2-term L^q- 
algebras are equivalent. 

Remark 3 

In particular, restricting to the sub-2-category of strict Lie 2 algebras, there is 
an equivalence between crossed modules of Lie algebras and 2-term Loo-algebras 
with trivial ^3. In other words, there is an equivalence between crossed modules 
and differential graded Lie algebras. 

1.4 Classification of semi-strict Lie 2-algebras 

Baez and Grans show in |BaCr04) that every semi-strict Lie 2-algebra is equiva- 
lent to a skeletal Lie 2-algebra (i.e. one where the differential d of the underlying 
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complex of vector spaces is zero) . Then they go on by showing that skeletal Lie 
2-algebras are classified by triplets consisting of an honest Lie algebra g, a g- 
module V and a class [7] G H^{g,V). This is achieved using the homotopy 
equivalence of the underlying complex of vector spaces with its cohomology. In 
total, they get in this way a classification, up to equivalence, of semi-strict Lie 
2-algebras in terms of triplets (g, V, [7]). 

On the other hand, strict Lie 2-algebras are in one-to-one correspondance 
with crossed modules of Lie algebras, as we have seen in a previous subsection. 
In conclusion, there are two ways to classify strict Lie 2-algebras: by the asso- 
ciated crossed module or, regarding them as special semi-strict Lie 2-algebras, 
by Baez-Crans classification. Let us show here that these two classifications are 
compatible, i.e. that they lead to the same triplet (g, V, [7]). 

For this, let us denote by sLie2 the 2-category of strict Lie 2-algebras, by 
ssLie2 the 2-category of semi-strict Lie 2-algebras, by sssLie2 the 2-category 
of skeletal semi-strict Lie 2-algebras, by triplets the (trivial) 2-category of 
triplets of the above form (g, V, [7]), and by crmod the 2-category of crossed 
modules of Lie algebras. 

Theorem 4 The following diagram is commutative: 



sLie2 




triplets 

The 2- functors a and 7 are bijections, while the 2- functor f3 induces a bijec- 
tion when passing to equivalence classes. 

Proof. Let us first describe the arrows. The arrow a : sLie2 — > crmod has 
been investigated in Theorem [2] The arrow f3 : crmod — >■ triplets sends a 
crossed module /i : f) — > g to the triple 

(coker(/i) =: g,ker(^) =: V, [7]), 

where the cohomology class [7] G H^{q,V) is defined choosing sections - the 
procedure is described in detail in |Wa06| . The arrow ssLie2 — sssLie2 is the 
choice of a skeletal model for a given semi-strict Lie 2-algebra - it is given by 
the homotopy equivalence of the underlying 2-term complex with its cohomology 
displayed in the extremal lines of the following diagram 
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Co 



ker(d) 



Co 



Co/Md) 



ker(d) 



The arrow 7 : sssLie2 ^> triplets sends a skeletal 2-Lie algebra to the 
triplet defined by the cohomology class of I3 (cf BaCr04j . 

Now let us show that the diagram commutes. For this, let d : C_i — > Co 
with some bracket [, ] and ^3 = be a 2-term Loo-algebra corresponding to 
seeing a strict Lie 2-algebra as a semi-strict Lie 2-algebra, and build its skeletal 
model. The model comes together with a morphism of semi-strict Lie 2-algebras 
(02, 0-1, 00 ) given by 



C- 



Co 



<t>0 



■Co/Md) 



ker(d) 



Here 0o =: u is a linear section of the quotient map. The structure of a semi- 
strict Lie 2-algebra is transfered to the lower line in order to make (02, 0-i, 0o) 
a morphism of semi-strict Lie 2-algebras. In order to compute now the I3 term 
of the lower semi-strict Lie 2-algebra, one first finds that (first equation in 
definition 34 of |BaCr04) ) 02 : Cq /im(d) x Cq /im(d) C_i is such that 

rf02(a;,2/) = a[x,y]-[a{x),a{y)], 

the default of the section cr to be a homomorphism of Lie algebras. Then is 
related to 02 by the second formula in definition 34 of BaCr04|. This gives here 

hix, y,z) = (dcE02)(a;,y, z) 

for x,y, z Co / im{d). dcE is the formal Chevalley-Eilenberg differential of the 
cochain 02 : Co / hn{d) x Co / mi(d) — > C„i with values in C_i as if C_i was a 
Co I im((i)-module (which is usually not the case). This is exactly the expression 
of the cocycle 7 associated to the crossed module of Lie algebras d : C_i Co 
obtained using the section a, see |Wa06] . □ 



Corollary 1 Every semi-strict Lie 2-algebra is equivalent (as an object of the 
2-category ssLie2j to a strict Lie 2-algebra. 

This corollary is already known because of abstract reasons. Here we have 
proved a result somewhat more refined: the procedure to strictify a semi-strict 
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Lie 2-algebra is rather easy to perform. First one has to pass to cohomology 
by homotopy equivalence, and then one has to construct the crossed module 
corresponding to a given cohomology class. This can be done in several way, 
using free Lie algebras |LoKa82) . using injective modules |Wa06) etc. and one 
may adapt the construction method to the problem at hand. 

1.5 The construction of an abelian representative 

We will show in this section that to a given class [7] e H'^{g, V), there exists a 
crossed module of Lie algebras ^ : t) q with class [7] (and ker(/j,) = V and 
coker(^) = g) such that f) is abelian. This will be important for the treatment 
in higher Hochschild homology of the holonomy of a gerbe. 

Theorem 5 For any [7] G H^{g,V), there exists a crossed module of Lie alge- 
bras /i : f) — S> g with associated class [7] such that ker(/i) ~ V , coker(/i) = g and 
[) is abelian. 

Proof. This is Theorem 3 in |Wa06| . Let us sketch its proof here. The cat- 
egory of g-modules has enough injectives, therefore V may be embedded in an 
injective g-module I. We obtain a short exact sequence of g-modules 

where Q := I/V is the quotient. / injective implies Hp{q, I) = for all p > 0. 
Therefore the short exact sequence of coefficients induces a connective homo- 
morphism 

d:H^i3,Q)~^H'{3,V) 

which is an isomorphism. To [7] corresponds thus a class [a] £ H'^{g,Q) with 
d[a] = [7]. A representative a G Z^{q,Q) gives rise to an abelian extension 

O^Q^Qx^g^g^O. 

Now one easily verifies (see the proof of Theorem 3 in jWa06j ) that the splicing 
together of the short exact coefficient sequence and the abelian extension gives 
rise to a crossed module 

O^V ^ I X^Q^Q^O. 

More precisely, the crossed module is ^ : / — s> Q Xq, g given by fi{x) = {n{x), 0), 
the action of gi^Qx^g on f):= / is induced by the action of g on / and the 
Lie bracket is trivial on /, i.e. / is abelian. 

One also easily verifies (see the proof of Theorem 3 in jWa06| ) that the asso- 
ciated cohomology class for such a crossed module (which is the Yoneda product 
of a short exact coefficient sequence and an abelian extension) is d[a\, the im- 
age under the connective homomorphism (induced by the short exact coefficent 
sequence) of the class defining the abelian extension. Therefore the associated 
class is here d[a] — [7] as required. □ 

We thus obtain the following refinement of Corollary [TJ 
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Corollary 2 Every semi-strict Lie 2-algebra is equivalent to a strict Lie 2- 
algebra corresponding to a crossed module fj, : t) ^ q with ahelian f), such that f) 
is aQ := q/ fi{l)) -module and such that the outer action is a genuine action. 

Proof. This follows from Corollary [1] together with Theorem [5j The fact that 
[) is a =: 0//i(f))-module and that the outer action is a genuine action are 
equivalent. They are true either by inspection of the representative constructed 
in the proof of Theorem [51 or by the following argument: 

The outer action s is an action only up to inner derivations. But these are 
trivial in case f) is abelian: 

fi{h) ■ h' = [h, h'] = 
for all h,h' G t) by property (b) of a crossed module. □ 

Remark 4 

An analoguous statement is true on the level of (abstract) groups and even topo- 
logical groups [WaWoll] . Unfortunately, we ignore whether such a statement 
is true in the category of Lie groups, i.e. given a locally smooth group 3-cocycle 
7 on G with values in a smooth G-module V, is there a smooth (split) crossed 
module of Lie groups fi : H ^ G with H abelian and cohomology class [7] ? 
From the point of view of Lie algebras, there are two steps involved: having 
solved the problem on the level of Lie algebras (as above), one has to integrate 
the 2-cocycle a. This is well-understood thanks to work of Neeb. The (possi- 
ble) obstructions lie in 7ri(G) and 7r2(G), and vanish thus for simply connected, 
finite dimensional Lie groups G. The second step is to integrate the involved 
0-module / to a G-module. As / is necessarily infinite dimensional, this is the 
hard part of the problem. 

2 Crossed modules of Lie groups 

In this section, we introduce the strict Lie 2-groups which will be the typical 
fiber of our principal 2-bundles. While the notion of a crossed module of groups 
is well-understood and purely algebraic, the notion of a crossed module of Lie 
groups involves subtle smoothness requirements. 

We will heavily draw on ^effj and adopt Neeb's point of view, namely, 
we regard a crossed module of Lie groups as a central extension N ^ N oi a. 
normal split Lie subgroup iV in a Lie group G for which the conjugation action 
of G on iV lifts to a smooth action on N . This point of view is linked to the one 
regarding a crossed module as a homomorphism /i : i7 — s> G by taking H ^ N 
and im(/i) — N. 

Definition 5 A morphism of Lie groups fi : H ^ G, together with a ho- 
momorphism S : G Ant{H) defining a smooth action S* : G x iJ — )■ H , 
{g,h) ^ g ■ h = S{g){h) of G on H , is called a (split) crossed module of Lie 
groups if the following conditions are satisfied: 
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1. fio S{g) = conj^(g) o ^ for all g EG. 



2. S o fj, : H ^ Aut(iJ) is the conjugation action. 

3. ker(/i) is a split Lie subgroup of H and iin(/i) is a split Lie subgroup of G 
for which fi induces an isomorphism iJ/ker(/i) — > im(/i). 

Recall that in a split crossed module of Lie groups : H ^ G, the quotient 
Lie group G :— G/fj,{H) acts smoothly (up to inner automorphisms) on H. 
This outer action S* of G on iJ is a homomorphism S* : G — ?> Out{H) which 
is constructed like in the case of Lie algebras. The smoothness of S follows 
directly from the splitting assumptions. Here Out(_ff) denotes the group of 
outer automorphisms of H, defined by 

Out(iJ) := Aut{H)/lnn{H), 

where lim{H) C Aut(if) is the normal subgroup of automorphisms of the form 
h' 1— > hh'h~^ for some h G H. 

It is shown in |Ne07j that one may associate to a (split) crossed module of 
Lie groups a locally smooth 3-cocycle 7 (whose class is the obstruction against 
the realization of the outer action in terms of an extension). 

It is clear that a (split) crossed module of Lie groups induces a crossed 
module of the corresponding Lie algebras. 

Definition 6 Two crossed modules fi : M ^ N (with action rj) and fj,' : AI' — >■ 
N' (with action rj' ) such thatkei^fj.) — ker(/i') —: V and coker(/i) — coker(/i') =: 
G are called elementary equivalent if there are group homomorphisms if : M ^ 
M' and ip : N N' which are compatible with the actions, i.e. 

ip{ri{n){m)) — rj' {'ip{n)){ip{m)) 

for all n E N and all m e M , and such that the following diagram is commuta- 
tive: 




We call equivalence of crossed modules the equivalence relation generated by 
elementary equivalence. One easily sees that two crossed modules are equivalent 
in case there exists a zig-zag of elementary equivalences going from one to the 
other (where the arrows do not necessarily all go into the same direction). 

In the context of crossed modules of Lie groups, all morphisms are supposed 
to be morphisms of Lie groups, i.e. smooth. 
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3 Principal 2-bundles and gerbes 



In this section, we will start introducing the basic geometric objects of our 
study, namely principal 2-bundles and gerbes. We choose to work here with a 
strict Lie 2-group Q, i.e. a split crossed module of Lie groups, and its associated 
crossed module of Lie algebras ^ : f) g, and to consider principal 2-bundles 
and gerbes which are defined by non-abelian cocycles (or transition functions). 
The principal object which we will use later on is the band of a gerbe. 

3.1 Definition 

In order to keep notations and abstraction to a reasonable minimum, we will 
consider geometric objects like bundles, gerbes, etc only over an honest (finite 
dimensional) base manifold Af , instead of considering a ringed topos, a stack or 
anything else. 

Let ^ : H ~> G he a (split) crossed module of Lie groups. Let our base 
space M be an honest (ordinary) manifold, and let hi = {Ui} be a good open 
cover of M. The following definition is based on p. 29 in jBaSc04j and on the 
corresponding presentation in |Wo09] ) . 

Definition 7 A non-abelian cocycle {gij, hijk) is the data of (smooth) transition 
functions 

g,j ■.U.nUj^G 

and 

which satisfy the non-abelian cocycle identities 

for all X G Uijk '■= Ui H Uj n Uk, and 

hiki{x)hijk{x) ^ hiji{x){gtj{x) ■ hjki{x)) 
for all X e Uijki ■.= UinU-j nUkCiUi. 

The Cech cochains gij and hijk are (by definition) antisymmetric in the 
indices. One may complete the set of indices to all pairs resp. triplets by 
imposing the functions to be equal to Iq resp 1h on repeated indices. 

We go on by defining equivalence of non-abelian cocycles with values in the 
same crossed module of Lie groups ^ : H G: 

Definition 8 Two non-abelian cocycles (gij, hijk) o,nd {gij,h'^jk) on the same 
cover are said to be equivalent if there exist (smooth) functions "fi : Ui ^ G and 
rjij : Uij — >■ H such that 

l^{x)g■jix) = ^l{l^^j{x))g^j{x)-f■jix) 



16 



for all X 6 Uij, and 

r]ik{x)hijk{x) = (7j(x) • K^J,{x))r^,j{x){g^J{x) ■ Vjkix)) 
for all X e Uijk- 

In general, one should define equivalence for cocycles corresponding to different 
covers. Passing to a common refinement, one easily adapts the above definition 
to this framework (this is spelt out in |Wo09) ). 

Definition 9 A principal 2-bundle, also called (non-ahelian) gerbe and denoted 
Q , is the data of an equivalence class of non-ahelian cocycles. 

By abuse of language, we will also call a representative (g^ , hijk) a principal 
2-bundle or a (non-abelian) gerbe. 

Lemma 2 // the (split) crossed module of Lie groups fj, : H ^ G is replaced 
by an equivalent crossed module fi' : H' ^ G' , then a given non-abelian cocy- 
cle {gij,hijk) taking values in /.i : H ^ G gives rise to a non-abelian cocycle 
igij,h'^jk) taking values in /i' : i/' — !> G". 

Proof. This is rather formal. We restrict here to an elementary equivalence - 
for an arbitrary equivalence, one should iterate the argument. 

Given a non-abelian cocycle {gij, hijk) and an elementary equivalence (0, tp) : 
{H,G) — J> {H',G'), define a non-abelian cocycle (gij^h'^ji.) by g'^j := ipig'ij) and 
^'ijk '■— 't'iKjk)- It is easily checked that {gij,h'^jk) satisfies the non-abelian 
cocycle conditions thanks to the requirement that (</>, ?A) : {H,G) {H',G') is 
an elementary equivalence. □ 

Remark 5 

Let us denote by (</>, il})*{gij,hijk) the thus constructed cocycle (g'ijjh'^jk) (w.r.t. 
the elementary equivalence "0)). It would make sense to define that a non- 
abelian cocycle {gij,hijk) w.r.t. the crossed module /i : if — > G is elementary 
equivalent to a non-abelian cocycle {g'ij, h[jj.) w.r.t. the (possibly different but el- 
ementary equivalent) crossed module ^' : H' ^ G' in case the cocycle [gij^h'^jk) 
is equivalent to (0, ip)*{gij,hijk) as cocycles w.r.t. fi' : H' ^ G' (where (0, 0) is 
the elementary equivalence from fi : H ^ G to fi' : H' ^ G'). One may then use 
this relation of elementary equivalence to define (arbitrary) equivalence between 
cocycles. 

Recall that for a split crossed module of Lie groups ji : H ^ G, the image 
/i(-ff) is a normal Lie subgroup of G, and the quotient group G := G/ ii{H) is 
therefore a Lie group. 

Lemma 3 Let Q he a gerbe defined by the cocycle {gij, hijk). 

Then one may associate to Q an ordinary principal G -bundle B on M which 
has as its transition functions the composition of the gij and the canonical pro- 
jection G ^ G/fi{H) ^ G. 
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Proof. This is clear. Indeed, passing to the quotient G G/ijl{H), the 
identity 

Khijk{x))gij{x)gjk{x) = gik{x) 
becomes the cocycle identity 

9i3{x)93k{x) = gtk{x) 
for a principal G / fj,{H)-huiidlc on M defined by the transition functions 

g,, : U,, ^ G/fi{H) 

obtained from composing gij : Uij — t- G with the projection G — ?> G/ fi{H). □ 

Definition 10 The principal G-hundle B on M associated to the gerbe Q defined 
by the cocycle {gij,hijk) is called the band of Q . 

3.2 Connection data 

Let, as before, M be a manifold and let U — {Ui} be a good open cover of 
M. Let Q he a. gerbe defined by the cocycle {gij,hijk)- We associate to Q now 
connection data like in jBaSc04| Sect. 2.1.4. 

Definition 11 Connection data for the non-abelian cocycle {gij,hijk) is the 
data of connection 1-forms Ai 6 fl^{Ui, q) and of curving 2-forms Bi G ^"^(Ui, f)), 
together with connection transformation 1-forms aij £ n{Uij,i}) and curving 
transformation 2-forms dij G fl'^{Uij, t}) such that the following laws hold: 

(a) transition law for connection 1- forms on Uij 

A, + ^(fljj) = g^jA■jgl^ + g^jdg~^. 

(b) transition law for the curving 2-forms on Uij 

Bi = gij ■ Bj + doij. 

(c) transition law for the curving transformation 2-forms on Uijk 

dij + gij ■ djk — hijkdikh-j], + hijk{fJ,{Bi) + FAi)h-jl.. 

(d) coherence law for the transformers of connection 1-forms on Uijk 

— Gij + gij ■ ajk ~ hijkttikh-jl, — hijkdh,--]. — hijk{Ai ■ h^-],). 

In accordance with jBaSc04| equation (2.73) on p. 59, we will choose dij = 
in the following. The transition law (c) for the curving transformation 2-forms 
reads then simply 

^ ^l{B,) Fa,, 

which is the equation of vanishing fake curvature. In the following, we will 
always suppose that the fake curvature vanishes (cf Section U]). 



18 



Definition 12 Given a Q be a gerbe defined by the cocycle {gij, hijk) with con- 
nection data (Ai, BijOij), the curvature 3-form Hi G r2'^(C/i,f)) is defined by 

Hi = dAiBi, 

i.e. it is the covariant derivative of the curving 2-form Bi G r2^([/i,f)) with 
respect to the connection 1-form Ai G Q,^{Ui, f)). 
Its transformation law on Uij is 

Hi — gij • Hj , 

(because in our setting fake curvature and curving transformation 2- forms van- 
ish). 

Observe that only the crossed module of Lie algebras fi : t) q plays a 
role as values of the differential forms. According to Section [l] it constitutes 
no restriction of generality (up to equivalence) to consider f) abelian. In our 
main application (construction of the holonomy higher Hochschild cycle), we 
will suppose f) to be abelian. Many steps on the way are true for arbitrary 
f). The property of being abelian simplifies the above coherence law for the 
transformers of connection 1-forms on Uijk for which we thus obtain in the 
abelian setting: 

= Gij + gij ■ Ojk — aik — hijkdh-jl, — hijkiAi ■ h-jl,). 

We note in passing: 

Lemma 4 The connection 1-forms induce an ordinary connection on the band 
B of the gerbe Q . 

Proof. This follows at once from equation (a) in the definition of connection 
data. □ 

On the other hand, we will always be in a local setting, therefore, in the 
following, we will drop the indices i,j, k, . . . which refer to the open set we are 
on. 



4 Loo- valued differential forms 

In this section, we will associate to each principal 2-bundle an ioo-algebra of 
Loo-valued differential forms. This Loo-algebra replaces the differential graded 
Lie algebra of Lie algebra valued forms which plays a role for ordinary principal 
G-bundles. Here, the Loo-algebra of values (of the differential forms) will be 
the 2-term Loo-algebra associated to the strict structure Lie 2-algebra of the 
principal 2-bundle. We follow closely |Ge09] . section 4. 

Given an Loo-algebra goo and a manifold M, the tensor product Q*{M)(s)Qoo 
of goo-valued smooth differential forms on M is an Loo-algebra by prolongating 
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the Loo-operations of goo point by point to differential forms. The only point to 
notice is that the de Rham differential ddcRham gives a contribution to the first 
bracket h : Qoo — >■ 0oo which is also a differential of degree 1. 

We will apply this scheme to the 2-term ioo-algebras arising from a semi- 
strict Lie 2-algebra floo = (0-i,0o)- The only (possibly) non-zero operations 
are the differential li, the bracket [, ] — I2 and the 3-cocycle I3. Our choice 
of degrees is that an element a'^ G ri*(M) (g) goo is of degree k in case a'"' g 
©i>o ^*(-^) "8) Qk-i- An element of degree 1 is thus a sum a-^ ~ ai + a2 with 
ai G l]i(M) (g)0o and a2 G ri^(M) ® 0-1. 

Recall the following definitions (cf Def. 4.2 in |Ge09| ): 

Definition 13 The Maurer-Cartan set MC(0oo) of a nilpotent Lao-algebra 0oo 
is the set of a G satisfying the Maurer-Cartan equation J-'{a) = 0. More 
explicitely, this means 

00 ^ 

T{a.) := /la + ^ — Zfe(a, . . . ,a) = 0. 

fc=2 

The Maurer-Cartan equations for the degree 1 elements of the Loo-algebra 
n*{M) (g) goo (see [Ge09] Def. 4.3) read therefore 

rfdcRhamai -I- ^["1, ai] -I- 11^2 = 0, (1) 

and 

rfdcRhama2 -I- [ai,a2] -l-'3(ai,ai,ai) = 0. (2) 

Equation ([IJ is an equation of 2-forms; in the gerbe literature it is known as the 
equation of the vanishing of the fake curvature. Equation ([2]) is an equation of 
3-forms and seems to be new in this context. The special case I3 = corresponds 
to example 6.5.1.3 in |SSS09| . when one interpretes (idcRhamQ!2 -I- [ai,a2] as the 
covariant derivative da-^a2- When applied to connection data of a non-abelian 
gerbe (see Section [32]), the vanishing of the covariant derivative means that the 
3-curvature (cf Definition [T2|) of the gerbe vanishes. This is sometimes expressed 
as being a flat gerbe. 

Let us record the special case of a strict Lie 2-algebra goo given by a crossed 
module /i : f) ^ g for later use: 

Lemma 5 A degree 1 element of the Loo-algebra D,*{M) goo is a pair (A, B) 
with A G n^{M) ®Q andB ^'^{M) ® \). 

The element [A^B) satisfies the Maurer-Cartan equation if and only if 

ddcRham^ +]^[A,A]+^iB = and ddoRham^ + [A, B] = 0. 

Elements of degree in Q,*{M) ® g are sums a° = /3o -I- Pi with /3o G 
f2°(M) ® go and (3i G ri^(M) ® g_i. These act by gauge transformations on 
elements of the Maurer-Cartan set. Namely, /3o has to be exponentiated to an 
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element Bq G ri°(M, Go) (where Go is the connected, 1-connected Lie group 
corresponding to go) and leads then to gauge transformations of the first kind, 
in the sense of |BaSc04| . Elements /3i lead directly to gauge transformations of 
the second kind, in the sense of |BaSc04j . The fact that they don't have to be 
exponentiated corresponds to the fact that there is no bracket on the 0_i-part of 
the Loo-algebra. These gauge transformations will not play a role in the present 
paper, but will become a central subject when gluing the local expressions of 
the connection 1-form of Baez-Schreiber to a global connection. 

Definition 14 Let q be a nilpotent Loo-algebra. The Maurer-Cartan variety 
AiC{g) is the quotient of the Maurer-Cartan set MC{q) by the exponentiated 
action of the infinitesimal automorphisms q'^ o/MC(g). 

We do not assert that the quotient MC{q) is indeed a variety. It is considered 
here as a set. 

5 Path space and the connection 1-form associ- 
ated to a principal 2-bundle 

In this section we explain how the connective structure on a gerbe gives rise to 
a connection on path space. 

5.1 Path space as a Prechet manifold 

We first recall some basic facts about path spaces which allow us to employ 
the basic notion of differential geometry, in particular differential forms and 
connections. For a manifold M, let VM := C°°{[0, 1], M) be the space of paths 
in M. Baez and Schreiber jBaSc04| fix in their definition the starting point and 
the end point of the paths, i.e. for two points s and t in M, V^M denotes the 
space of paths from s ( "source" ) to t ( "target" ) . The space VM can made into 
a Frechet manifold modeled on the Frechet space G°°([0, 1],R") in case n is the 
dimension of M . Similar constructions exhibit the loop space 

LM := {7 : [0,1] ^-^ M\ 7(0) = 7(1), 7('=)(0) = 7^=^!) = Vfc > 1} 

as a Frechet manifold, see for example |Ne04) for a detailed account on the 
Frechet manifold structure on (this version of) LM in case M is a Lie group. 
The generalization to arbirary AI is quite standard. Let us emphasize that this 
version of LAI comes to mind naturally when writing the circle as [0, 1]/ ~ 
in C°°(S'\M). The fact that one demands 7^=^(0) = 7('=)(1) = and not only 
7('=)(0) = 7('^)(1) for all fc > 1 is sometimes expressed by saying that the loops 
have a "sitting instant" . 

For differentiable Frechet manifolds, one can introduce differential forms, 
de Rham differential and prove a De Rham theorem for smoothly paracompact 
Frechet manifolds. The only thing beyond the necessary definitions that we need 
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from Frechet differential geometry is an expression of the de Rham differential 
on LM, an expression due to Chen |Ch73| which will play its role in the proof 
of Proposition 131 

5.2 The connection 1-form of Baez-Schreiber 

Let n : H ^ G he a, split crossed module of Lie groups. Denote by 5* the outer 
action of G on H , i.e. the homomorphism S : G Out(_ff). 

Composing the transition functions gij : Uij — t- G with the homomorphism 
S : G ^ Out(iJ), we obtain the transition functions of an Out(iJ)-principal 
bundle denoted Bs- This is then an ordinary principal bundle, and we may 
apply ordinary holonomy theory to the principal bundle Bs- 

As we are only interested in these constructions and these constructions are 
purely on Lie algebra level, we will neglect now the crossed module of Lie groups 
and focus on the crossed module of Lie algebras. In doing so, we may assume (up 
to equivalence without loss of generality) that in the crossed module /i : f) f), 
[) is abelian and that the outer action s : g — >■ out(f)) (associated to : f) — g 
like in Section 1) is a genuine action (see Corollary [2]). 

In the following, we will suppose that the principal bundle Bs is trivial (or, 
in other words, we will do a local construction). A connection 1-form on Bs is 
then simply a differential form As G ^^End' ^^"^ given a 1-form A G f2^(M, g), 
one obtains such a form As by As := s o A. We will suppose that Bs posseses 
a flat connection V which will be our reference point in the affine space of 
connections. 

Remark 6 

Actually, in case the 1-form A £ r2^(M, g) (and not in f]^(M, g) !), there is no 
problem to define the action oi A on B. We do not need () to be abelian here 
(in case we do not want to use the band, for example). 

Consider now the loop space LAI of M. Let us procede with the Wilson 
loop or iterated integral construction of Section 6 of [AbZe07) . For every n > 0, 
consider the n-simplex 

A" := {{to, ti,...,tn, tn+l) I = io < < • • • < in < = !}• 

Define the evaluation maps ev and ev„^i as follows: 

ev : A" X LM ^ M 

ev{tQ, ti,...,tn, tn+u-f) = 7(0) = 7(1) 

ev„,,; : A" X LM M 

ev„,i(to,ii, • ■ • ,tn,tn+i;^) = -yiU). 

Denote by a.d Bs the adjoint bundle associated to the principal bundle Bs using 
the adjoint action of Ont{H) on out(t)) — Oer(f)). Let Ti : ey'^^^adBs) — )> 
ev*(adSs) denote the map, between pullbacks of adjoint bundles to A" x LM, 
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defined at a point {0 = to,ti, . . . ,tn, tn+i = 1; 7) by the parallel transport along 
and in the direction of 7 from ^{U) to 7(t„_|_i) = 7(1) in the bundle adBs with 
respect to the flat connection V. 

For ai e n*{M,adBs), 1 < i < n, define a{n,i) e r2*(A" x LM,ev*adBs) 

by 

a{n,i) = Tievl^iOi. 

The associated bundle to Bg with typical fiber the universal enveloping algebra 
«70er(f)) is denoted by B'^ . Now define V„"^, £ rJ*(LM, ev*Bf ) by 

= 1, 

Kri,...,Q„ = /a" 1) A ... A a{n,n) for n > 1, 

and set 

00 

It is noteworthy that this infinite sum is convergent. This is shown in |AbZe07) in 
Appendix B. Observe that for 1-forms ai, . . . , a„, the loop space form 
has degree for all n. 

Furthermore, define for B E D,'^{M,t)) and a e [0,1] the 1-form B*{a) G 
ni(LM,()) by 

for the evaluation map EVo- : LM -> M, EV{'y) :— 7(0") and the vector field 
K on LM which is the infinitesimal generator of the 5^-action on LM by rigid 
rotations. 

Now fix an element {A, B) of the Maurer-Cartan set w.r.t. some Lie algebra 
crossed module : [) ^ g. Evaluating elements of End(f)) on [), we obtain a 
connection 1-form on LM with values in () given by 

Ao= ( VA{B*{a))da. 
Jo 

(Indeed, as A is a 1-forni, the loop space form Va is of degree 0, and Va{B* (a)) 
is of degree 1 and remains of degree 1 after integration w.r.t. a.) 

This gives the formula for the connection 1-form of Baez and Schreiber on 
p. 43 of BaSc04, : 

Proposition 1 The constructed connection 1-form Aq on LM with values in f) 
coincides with the path space 1-form A(^a,b) = §a^^) of Def. 2.23 in \BaScO^ . 

Proof. This follows from a step-by-step comparison. □ 
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6 The holonomy cycle associated to a principal 
2-bundle 



A central construction of [AT ZIP) associates to elements A in the Maurer-Cartan 
space a holonomy class [P(v4)] in HH^,{fl* , ft*). This is done using the following 
proposition (cf loc. cit. Section 4): 

Proposition 2 Suppose given a differential graded associative algebra fJ* and 
an element A G f2°'*'^. The following are equivalent. 

(a) A is a Maurer-Cartan element, i.e. dA + ^ • ^ = 0, 

(h) the chain 

P{A) := + A + l® A® A + . . . 

in the Hochschild complex CiJ*(r2*, is a cycle. 

Proof. We have 

d}ioch{P{A)) = ^±l ® A . . . ® dA . . . ® A + ^±l ® A . . . ® A ■ A . . . ® A. 

Therefore the cycle property is equivalent to dA + A- A = 0, i.e. to the Maurer- 
Cartan equation. □ 

The degrees are taken such that all terms in P{A) are of degree in case 
A is of degree 1, i.e. the degrees of VI* are shifted by one. This is the correct 
degree when taking Hochschild homology as a model for loop space cohomology. 

We will apply this proposition to the connection 1-form Aq on LM . The 
1-form ^0 is an element of Vl^{LAfU\)). The condition that is a Maurer- 
Cartan element is then that the curvature of Aa vanishes. This curvature has 
been computed in |BaSc04| p. 43 to be given by the following formula (needless 
to say, no assumption is made on f) for this computation): 

Proposition 3 The curvature of the 1-form Aq is equal to 

Ta, ■■= -i (dAB) - (f {da{Ta){B), (Fa + y.{B)Y) 

J A J A 

VA{{dABy{a))da- [ Va{{Fa + t^iB))* {a))da, 
Jo 

where dAB is the covariant derivative of B w.r.t. A and Fa + fJ-iB) is the fake 
curvature of the couple (A, B) . 

Proof. A detailed proof is given in |BaSc04| Prop. 2.7 and Cor. 2.2, p. 42-43. 
Here we will only sketch the main steps of the proof. 

First compute c?dcRham^o for the de Rhani differential ddcRham- As explained 
in loc. cit. Prop. 2.4, p. 35, the action of the de Rham differential on a Chen 
form ^^(wi, . . . , w„) is given by two terms, namely 

± j> (Wl, . . . , ddeRhamWfe , . . . , UJn) 
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and 

± f (wi,...,wfc_i Aujk,...,u}„). 

In our case, we get thus four terms, according to whether the B is involved or 
not. The terms which does not involve B give a term involving the curvature 
Fa = dA + A ■ A. The terms involving B give a term involving the covariant 
derivative (IaB — d^cWxamB + A - B oi B w.r.t. A. 

Now the computation of the curvature of adds to the de Rham derivative 
rfdeRham^^o a term ^0 ■ -^0- This term is easily seen to be the term involving 
H{B). □ 

We see that for a Maurer-Cartan element (A, B) (in the sense of Section H]), 
^0 is a flat connection (by Lemma[5]and Proposition[2]), and P{Ao) is therefore 
a Hochschild cycle (by Proposition [2|) . 

Definition 15 The Hochschild cycle P{Aq) is the holonomy cycle associated to 
the given principal 2-bundle. 

Let us abbreviate n,*{M, Ui)) to fl*. Our main point is now that the assump- 
tion that f) is abelian implies that fi* (and for the same reason also ^*{LM, Ui))) 
is a commutative differential graded algebra, thus the shuffle product endows the 
(ordinary) Hochschild complex CH^,{^l* , ft*) with the structure of a differential 
graded commutative algebra (cf |Lo82| Cor. 4.2.7, p. 125). On the other hand, 
we have for a simply connected manifold M: 

Lemma 6 There is an quasi-isomorphism of commutative differential graded 
algebras 

n*{LM, ut}) :^ CH^{n*,n*). 

Proof. Let us first observe that the loop space with sitting instant is ho- 
motopically equivalent to LM — C°°{S^ , M). Indeed, the version with sitting 
instant corresponds to taking [0, 1]/ ^ as S^. Elements for a rigorous proof (at 
least in the case of Lie groups M) may be found in Appendix A of jNe04| . 

Therefore, our assertion is a version with coefficients in the graded associa- 
tive algebra Ui) of Corollary 2.6, p. 11, in [Lollj . originally shown by Chen 
|Ch73| . Observe that the coefficients do not contribute to the differentials. □ 

In conclusion, we obtain a homology class 

[p{An)] e HH4CH4n*,n*),CH4n*,n*j). 

In the next section, we will explain how to interprete 

HH^{CH^{n\n*), CH,{n*,n*)) 

in terms of higher Hochschild homology as HHj{n,*, il*), the higher Hochschild 
homology of the 2-dimensional torus T. We therefore obtain 

[PiAo)]eHHjin*,n*)- 
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7 Higher Hochschild homology 



In this section, we consider higher Hochschild homology. It has been invented 
by Pirashvili in jPiOO] and further developed by Ginot, Tradler and Zeinalian in 
|GTZ09j . Here, we follow closely |GTZ09j . 

In order to define higher Hochschild homology, it is essential to restrict 
to commutative differential graded associative algebras 51*. We will see below 
explicitely why this is the case. 

Denote by A the (standard) category whose objects are the finite ordered 
sets [k] = {0, 1, . . . , fc} and morphisms / : [fc] — >■ [I] are non-decreasing maps, i.e. 
for i > j, one has /(«) > /(j). Special non-decreasing maps are the injections 
(5i : [fc — 1] — ^ [k] characterized by missing i (for i = 0, . . . , fc) and the surjections 
Uj : [k] [k — V\ which send j and j -I- 1 to j (equally for j = 0, . . . , fc). 

A finite simplicial set Y, is by definition a contravariant functor Y, : A°p — 
Sets. The sets of fc-simplices are denoted Yk '■— Y{[k]). The induced maps 
di := Y,(6i) and Sj := Yt(crj) are called faces and degeneracies respectively. Let 
Y, be a pointed finite simplicial set. For fc > 0, we put yk '■= |Yfc| — 1, i.e. one 
less than the cardinal of the finite set Yk . 

The higher Hochschild chain complex of fi* associated to the simplicial set 
Y, (and with values in 17*) is defined by 

nGZ 

where 

CHj^'{n\n*) :-0(f7*®(f7*)®^'=)„+fc. 

fc>0 

In order to define the differential, define induced maps as follows. For any map 
/ : Yfe — >■ Y; of pointed sets and any (homogeneous) element m^ai® . . -^Oy^ G 
n* (g> (^7*)®^'^ we denote by : 17* (g) (17*)®!"' n* (g> (17*)^?" the map 

/*(m €3 oi (g) . . . ® Oyj^) := (-l)'^n (g) 6i (g) . . . ® 6y, , 

where bj — Hi^f-i^^j^Oi (or bj = 1 in case f^^{j) — 0) for j = 0,...,yi, and 
n = m ■ njgy-i(basopoint)j#bascpointai- The sigu e is determined by the usual 
Koszul sign rule. The above face and degeneracy maps di and Sj induce thus 
boundary maps {di)^, : CTJ^* (17*, 17*) -> CHk-i = fc^*(17*,17*) and degeneracy 
maps (sj)* : C7?^'i(17*,17*) Ci?J' (17*, 17*) which are once again denoted di 
and Sj by abuse of notation. Using these, the differential D : CiJj^* (17*, 17*) 
CHY' (17*, 17*) is defined by setting D{ao ® ai ^ . . . OyJ equal to 

Vk k 

^(-l)''+''ao g) . . . g) d,a, g) . . . g) Oj;^ + ^(-l)''d,(ao g) . . . g) a^J, 

i=0 1=0 

where is again a Koszul sign (see the explicit formula in jGTZ09| ). The 
simplicial relations imply that = (this is the instance where one uses 
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that fl* is graded commutative). These definitions extend by inductive hmit to 
arbitrary (i.e. not necessarily finite) simphcial sets. 

The homology of CH^' (O*, fl*) w.r.t. the differential D is by definition the 
higher Hochschild homology iJiJ^*(r2*, fJ*) of J7* associated to the simplicial 
set y,. In fact, for two simplicial sets Y, and which have homeomorphic 

geometric realization, the complexes {CH^' (O*, n*), D) and {CH^' D) 
are quasiisomorphic, thus the higher Hochschild homology does only depend on 
the topological space which is the realization of Y, . Therefore we will for example 
write HHj{il* , ft*) for the higher Hochschild homology of ft* associated to the 
2-dimensional torus T, inferring that it is computed w.r.t. some simplicial set 
having T as its geometric realization. 

For the simplicial model of the circle given in Example 2.3.1 in jGTZOQj . 
one obtains the usual Hochschild homology. In this sense, HH^' generalizes 
ordinary Hochschild homology. 

Example 2.4.5 in [GTZ09 gives: 

Proposition 4 For the simplicial model of the 2-torus T given in Example 2.3.2 
of loc. cit., the algebra CHj {fl* is quasiisomorphic to 

In this sense, the holonomy cycle P{Aq) (constructed in the previous section) 
may be regarded as living in the higher Hochschild complex CiJj(r2*, il*). This 
completes the proof of Theorem [T] 

Remark 7 

Observe that the element P{Ao) in CHj{V,* is of total degree zero. Recall 
from |GTZ09| (Corollary 2.4.7) the iterated integral map It^' of |GTZ09| which 
provides a morphism of differential graded algebras 

it^' :CH]f' {n*,n*) ^n'{M'^,ut}). 

The image of P{Ao) in i}*{Al'^, Ut)) represents a degree zero cohomology class 
which associates to each map / : T ^> M an element of Utf which is interpreted 
as the gerbe holonomy taken over /(T) C M. We believe that an explicit 
expression of this cohomology class (in the special case of an abelian gerbe 
where all forms are real-valued) is given exactly by Gawedski-Reis' formula 
(2.14) |GaRe02] . The factors gijk do not appear in our formula, because we did 
not do the gluing yet and therefore everything is local. 

Observe further that following the steps in the proof of Corollary 2.4.4 of 
|GTZ09j . one may express P{Ao) in terms of matrices in A and B. 

References 

[ATZIO] H. Abbaspour, T. Tradler, M. Zeinalian, Algebraic String Bracket as 
a Poisson Bracket. J. Noncommut. Geom. 4 (2010), no. 3, 331347 



27 



[AbZeOT] H. Abbaspour, M. Zeinalian, String bracket and flat connections. Al- 
gebr. Geom. Topol. 7 (2007), 197231 

[BaCr04] J. C. Baez, A. S. Crans, Higher-Dimensional Algebra VI: Lie 2- 
algebras. Theory Appl. Categ. 12 (2004) 492-538 

[BaSc04] J. C. Baez, U. Schreiber, Higher Gauge Theory: 2-Connections on 



2-bundles. arXiv : hep-th/0412325 



[Bar04] T. Bartels, 2-Bundles and Higher Gauge Theory, Thesis 
(Ph.D.)University of California, Riverside. 2006. 142 pp. 

[Br] J-L. Brylinski, Loop spaces, characteristic classes and geometric quantiza- 
tion. Progress in Mathematics, 107. Birkhauser Boston, Inc., Boston, MA, 
1993. 

[CLSIO] S. Chatterjee, A. Lahiri, A. N. Sengupta, Parallel Transport Over Path 
Spaces. Reviews in Math. Phys. 22, 9 (2010) 1033-1059 

[Ch73] K. T. Chen, Iterated Integrals of differential forms and loop space ho- 
mology. Ann. Math. (2), 97 (1973), 217-246 

[GaRe02] K. Gawedzki, N. Reis, WZW branes and gerbes. Rev. Math. Phys. 
14 (2002), no. 12, 1281-1334 

[Ge09] E. Getzler, Lie Theory for nilpotent Lcxj-algebras. Ann. of Math. (2) 170 
(2009), no. 1, 271301 

[GiOS] G. Ginot, Higher order Hochschild cohomology. C. R. Math. Acad. Sci. 
Paris 346 (2008), no. 1-2, 5-10 

[GTZ09] G. Ginot, T. Tradler, M. Zeinalian, A Chen Model for Mapping Spaces 
and the Surface Product. Ann. Sci. Ec. Norm. Super. (4) 43 (2010), no. 5, 
811881 

[GiStOS] G. Ginot, M. Stienon, Groupoid extensions, principal 2-group bundles 
and characteristic classes. 0801 . 1238 

[G] R. Godement, Topologie algebrique et theorie des faisceaux. Actualites Sci. 
Ind. No. 1252. Publ. Math. Univ. Strasbourg. No. 13 Hermann, Paris 1958. 

[H] R. S. Hamilton, The inverse function theorem of Nash and Moser. Bull. 
Amer. Math. Soc. (N.S.) 7 (1982), no. 1, 65-222. 

[Lo82] J.-L. Loday, Spaces with finitely many non-trivial Homotopy Groups. J. 
Pure and Appl. Algebra 24 (1982) 179-202 

[Lo92] J.-L. Loday, Cyclic Homology, Grundlehren der mathematischen Wis- 
senschaften 301 (1992) Springer Verlag 

[Loll] J.-L. Loday, Free loop space and homologv. larXiv: 1110 . 04051 



28 



[LoKa82] J.-L. Loday, C. Kassel, Extensions centrales d'algebres de Lie. Ann. 
Inst. Fourier (Grenoble) 32:4 (1982) 119-142 

[MaPiOT] J. F. Martins, R. Picken, On Two-Dimensional Holonomy. Trans. 
Amer. Math. Soc. 362 (2010), no. 11, 56575695 

[Ne04] K.-H. Neeb, Current groups for non-compact manifolds and their central 
extensions. Infinite dimensional groups and manifolds, 109183, IRMA Lect. 
Math. Theor. Phys., 5, de Gruyter, Berhn, 2004 

[Ne07] K.-H. Neeb, Non-abelian Extensions of Infinite-dimensional Lie groups. 
Ann. Inst. Fourier Grenoble 57,1 (2007) 209-271 

[PiOO] T. Pirashvili, Hodge decomposition for higher Hochschild homology. Ann. 
Sci. Ec. Norm. Super. (4) 33,2 (2000) 151-179 

[Ro07] D. Roytenberg, On weak Lie 2-algebras. XXVI Workshop on Geometrical 
Methods in Physics, 180-198, AIP Conf. Proc. 956 Amer. Inst. Phys., 
Melville, NY, 2007. 

[SSS09] H. Sati, U. Schreiber, J. Stasheff, Loo-algebra connections and appli- 
cations to String- and Chern-Simons n-transport. Quantum field theory, 
303424, Birkhauscr, Basel, 2009. 

[ScWaOSa] U. Schreiber, K. Waldorf, Smooth Functors vs. Differential Forms, 
Homology, Homotopy Appl. 13 (2011), no. 1, 143-203. 

[ScWa08b] U. Schreiber, K. Waldorf, Connections on non-abelian Gerbes and 
their Holonomy, 0808. 1923 

[Wa06] F. Wagemann, On Lie algebra crossed modules. Comm. Algebra 34, 5 
(2006) 1699-1722 

[WaWoll] F. Wagemann, C. Wockel, A Cocycle Model for Topological and Lie 
Group Cohomology. arXiv : 1 110 . 3404 submitted 

[Wo09] C. Wockel, Principal 2-bundles and their gauge groups. Forum Math. 
23 (2011), no. 3, 565-610. 



29 



